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9 A market

As in the previous chapter, a society consists of a set of individuals and a set of
houses; each house can accommodate only one person and each person can oc-
cupy only one house. Different individuals may have different preferences over
the houses, but everyone prefers to occupy any house than to be homeless.

In this chapter, unlike in the previous one, we assume that the ownership of
a house is recognized and protected. Each house is initially owned by some indi-
vidual. Houses can be exchanged only with the mutual consent of both owners;
no individual can force another individual to give up her house.

The model allows us to introduce the central economic idea of prices as a
means of guiding the individuals to a reallocation of the houses in which no
group of individuals want to voluntarily exchange their houses.

9.1 Model

A society is defined as in the previous chapter. In particular, we assume that each
individual cares only about the house that she occupies, not about the houses
occupied by other individuals. Also, we continue to assume, for simplicity, that
preferences are strict: no individual is indifferent between any two houses.

We study a model called a market, which differs from a jungle in that owner-
ship replaces power and an initial pattern of ownership replaces the power rela-
tion. A market consists of a society and an allocation e , where e (i ) is the house
initially owned by individual i .

Definition 9.1: Market

A market 〈N , H , (¼i )i∈N , e 〉 consists of a society 〈N , H , (¼i )i∈N 〉 and an allo-
cation e for the society, called the initial allocation, which represents the
initial ownership of the houses.

Example 9.1

Consider the market 〈N , H , (¼i )i∈N , e 〉 in which N = {1,2, 3,4}, H = {A, B ,
C , D}, and the individuals’ preferences and the initial allocation are given
in the following table. Each column indicates the preference ordering of
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122 Chapter 9. A market

an individual, with the individual’s favorite house at the top; the initial
allocation is highlighted.

Individuals
1 2 3 4

B A A A
C B C D
D C D B
A D B C

Individual 1 initially owns house A, which is the one she least prefers
and everyone else most prefers. Thus every other individual wants to
exchange houses with individual 1. Individual 2 can offer her the most
attractive exchange, because she initially owns house B , which is indi-
vidual 1’s favorite. Thus we might expect that the outcome includes an
exchange between individuals 1 and 2.

Example 9.2

Consider the market in the following table.

Individuals
1 2 3 4

D A A B
C D C C
A C D D
B B B A

Individuals 1 and 3 are interested in exchanging their houses, and so
are individuals 2 and 4. These two exchanges lead to the allocation indi-
cated in red in the left-hand table below. After the exchanges, no further
reallocation within any group is mutually desirable.

Individuals
1 2 3 4

D A A B
C D C C
A C D D
B B B A

Individuals
1 2 3 4

D A A B
C D C C
A C D D
B B B A

Another possible outcome of exchange is indicated in the right-hand
table. This allocation may be achieved by an agreement between indi-
viduals 1, 2, and 4. Alternatively, it may be achieved by individual 1 first
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exchanging her house, A, with individual 2, which leads individual 1 to
hold B , and then exchanging B with individual 4. After the first exchange,
individual 1 holds a house, B , that she does not like; but she knows that she
can subsequently exchange it with individual 4 for D , her favorite house.

Equilibrium of market

The central concept in this chapter is that of an equilibrium of a market. In an
equilibrium, a number is attached to each house. We may interpret the num-
ber as the value or price of the house. Each individual can exchange the house
she owns initially only for houses with lower or equal prices. An equilibrium sat-
isfies two conditions. First, each individual chooses the house that is best for
her among the houses with prices at most equal to the price of the house she
initially owns. Second, the outcome is harmonious in the sense that the individ-
uals’ independent choices generate an allocation, in which each house is chosen
by precisely one individual.

Definition 9.2: Equilibrium of market

An equilibrium of the market 〈N , H , (¼i )i∈N , e 〉 is a pair (p , a )where

• p , a price system, is a function that attaches a number p (h) (a price) to
each house h ∈H

• a is an assignment

such that

optimality of choices
for every individual i ∈ N , the house a (i ) maximizes i ’s preference
relation ¼i over her budget set {h ∈H : p (h)≤ p (e (i ))}:

a (i )¼i h for all h ∈H with p (h)≤ p (e (i ))

feasibility
a is an allocation.

Notice the structure of the definition, which is common to many definitions
of equilibrium. First we specify the nature of a candidate for equilibrium, which
in this case is a pair consisting of a price system and an assignment. Then we
specify the conditions for such a candidate to be an equilibrium.
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Example 9.3

Consider Example 9.2. The allocation that results from the first pair of ex-
changes, a = (C , D, A, B ), is not an outcome of any market equilibrium, by
the following argument. If there is a price system p such that (p , a ) is an
equilibrium then we need p (A) = p (C ): since C must be in the budget set
of individual 1, we need p (C ) ≤ p (A), and since A must be in the budget
set of individual 3, we need p (A) ≤ p (C ). Similarly, p (B ) = p (D). But if
p (A)≥ p (D) then individual 1 chooses house D , which is her favorite, not
C , and if p (A) < p (D) = p (B ) then individual 2 chooses house A, not D .
Thus for no price system p is (p , a ) a market equilibrium.

The allocation that results from the second group of exchanges, b =
(D, A,C , B ), is the outcome of a market equilibrium with a price system p
satisfying p (A) = p (B ) = p (D)> p (C ). (In fact, Proposition 9.5 implies that
b is the only equilibrium allocation of this market.)

Example 9.4: Market with common preferences

Consider a market 〈N , H , (¼i )i∈N , e 〉 in which all individuals have the same
preference relation: ¼i = ¼ for all i ∈ N . Let p be a price system that
reflects ¼ in the sense that for any houses h and h ′, p (h) > p (h ′) if and
only if h � h ′. (In the terminology of Chapter 1, p is a utility function that
represents ¼.) Then the pair (p , e ) is an equilibrium: the assignment e
is an allocation; the budget set of each individual i consists of the house
e (i ) and all houses that are inferior according to the common preferences
¼, and thus her most preferred house in this set is e (i ). Notice that any
equilibrium allocation a satisfies a (i )¼ e (i ) for all i and thus a = e .

If every individual has a different favorite house, then there is an equilibrium
that assigns the same price to every house.

Example 9.5: Market in which individuals have different favorite houses

Consider a market 〈N , H , (¼i )i∈N , e 〉 in which each individual has a dif-
ferent favorite house. Then (p , a ) is an equilibrium if p assigns the
same price to all houses and for every individual i , a (i ) is i ’s fa-
vorite house. For this price system all budget sets are equal to H ,
so that each individual optimally chooses her favorite house; since no
two individuals have the same favorite house, a is an allocation. In
fact, in any equilibrium allocation a each individual gets her favorite
house. Otherwise, let h∗ be a most expensive house in {h ∈ H :
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h is not the favorite house of the individual i for whom a (i ) = h}. Let i ∗ be
the individual for whom a (i ∗) = h∗. Then i ∗’s favorite house is not more
expensive than h∗ and thus given that she can afford a (i ∗) she can afford
her favorite house, so that a (i ∗) is not optimal for i ∗ in her budget set, a
contradiction.

Comments

1. Note that the notion of equilibrium does not require an individual to be
aware of the preferences of the other individuals. Each individual has to
know only the price system to make her choice.

2. The notion of equilibrium is static. If a society is at an equilibrium, there is
no reason for it to move away. But we do not specify a process by which a
society that is not at an equilibrium might move to an equilibrium.

Any allocation can be transformed into any other allocation by implement-
ing a set of trading cycles, each of which is a rotation of houses within a set of
individuals.

For example, the move from (A, B ,C , D) to (C , D, A, B ) can be achieved by in-
dividual 1 exchanging her house with individual 3 and individual 2 exchanging
her house with individual 4. In this case, each trading cycle consists of a single
bilateral exchange; we denote these cycles by (1,3) and (2,4).

As another example, the move from (A, B ,C , D) to (D, A,C , B ) can be achieved
by individuals 1, 2, and 4 agreeing on a rotation of the houses they initially own
so that individual 1 get 4’s house, 4 gets 2’s house, and 2 gets 1’s house, while
individual 3 keeps her house. We denote these trading cycles by (1,4,2) and (3).
Note that the trading cycle (1,4,2) can be achieved also by individual 1 first ex-
changing her house with individual 4, to yield the allocation (D, B ,C , A), and then
individual 4 exchanging her house (which is now A) with individual 2.

In general, a trading cycle is a sequence (i 1, . . . , i k ) of individuals, with the in-
terpretation that (either by simultaneous rotations of houses or by a sequence
of bilateral exchanges) individual i j gets the house originally owned by i j+1 for
j = 1, . . . , k−1 and i k gets the house owned initially by i 1. A trading cycle consist-
ing of a single individual, for example (i 1), means that the individual keeps the
house she owns.

Definition 9.3: Trading cycle and trading partition

A trading cycle in a market 〈N , H , (¼i )i∈N , e 〉 is a finite sequence of dis-
tinct individuals (members of N ). A trading partition is a set of trading
cycles such that every individual belongs to exactly one of the cycles. A
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trading partition {(i 1
1, . . . , i 1

k1
), . . . , (i m

1 , . . . , i m
km
)} transforms the allocation a

to the allocation b for which for each j = 1, . . . , m we have b (i j
l ) = a (i j

l+1)

for l = 1, . . . , k j −1 and b (i j
k j
) = a (i j

1).

We now show that for any pair of allocations, a unique trading partition trans-
forms one allocation to the other.

Lemma 9.1: Uniqueness of transforming trading partition

For any allocations a and b in a market, a unique trading partition trans-
forms a to b .

Proof

We construct the trading partition T inductively. Start with an arbitrary
individual i 1. If b (i 1) = a (i 1), add the (degenerate) trading cycle (i 1) to T .
Otherwise, let i 2 be the individual for whom a (i 2) = b (i 1). If b (i 2) = a (i 1),
add the trading cycle (i 1, i 2) to T . Otherwise let i 3 be the individual for
whom a (i 3) = b (i 2), and continue in same way until an individual i k is
reached for whom b (i k ) = a (i 1); the number of individuals is finite, so such
an individual exists. At this point, add the trading cycle (i 1, i 2, . . . , i k ) to T .

If any individuals remain, select one of them arbitrarily and repeat the
construction. Continue until every individual is a member of a trading
cycle in T . By construction, T transforms a to b and is a trading partition
because no individual appears in more than one of the trading cycles it
contains. Given that for any individual i , the individual j for whom b (j ) =
a (i ) is unique, T is the only trading partition that transforms a to b .

We now show that for any equilibrium allocation a the prices of all houses
initially owned by the members of each trading cycle in the trading partition that
transforms e to a are the same.

Proposition 9.1: Transforming initial allocation to equilibrium by trade

Let (p , a ) be an equilibrium of the market 〈N , H , (¼i )i∈N , e 〉. The prices
of all houses initially owned by the members of each trading cycle in the
trading partition that transforms e to a are the same.

Proof

Let (i 1, . . . , i k ) be a trading cycle in the trading partition that transforms
e to a (described in the proof of Lemma 9.1). Then a (i l ) = e (i l+1) for
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l = 1, . . . , k −1 and a (i k ) = e (i 1). Thus for l = 1, . . . , k − 1 we need e (i l+1)
to be in i l ’s budget set, so that p (e (i l )) ≥ p (e (i l+1)), and we need e (i 1) to
be in i k ’s budget set, so that p (e (i k ))≥ p (e (i 1)). Hence p (e (i 1))≥ p (e (i 2))≥
· · · ≥ p (e (i k ))≥ p (e (i 1)), so that all these prices are equal.

9.2 Existence and construction of a market equilibrium

We now show that every market has an equilibrium. In fact, we show how to con-
struct an equilibrium. The construction involves a sequence of trading cycles.
We start by identifying a trading cycle that gives every individual in the cycle her
favorite house. We call such a cycle a top trading cycle.

Definition 9.4: Top trading cycle

The trading cycle (i 1, . . . , i k ) in the market 〈N , H , (¼i )i∈N , e 〉 is a top trading
cycle if for l = 1, . . . , k individual i l ’s favorite house is initially owned by
individual i l+1, where i k+1 = i 1. That is, e (i l+1)¼i l h for l = 1, . . . , k and all
h ∈H .

To find a top trading cycle, first choose an arbitrary individual, say i 1. If she
initially owns her favorite house, then (i 1) is a (degenerate) top trading cycle.
Otherwise, let i 2 be the initial owner of i 1’s favorite house. If i 2 initially owns her
favorite house, then (i 2) is a top trading cycle; if i 1 initially owns this house then
(i 1, i 2) is a top trading cycle; otherwise let i 3 be the owner. Continue in the same
way, at each step k checking whether the owner of k ’s favorite house is a member
of the sequence (i 1, . . . , i k ), say i l , in which case (i l , . . . , i k ) is a top trading cycle,
and otherwise adding the owner to the list as i k+1. The number of individuals is
finite, so eventually the procedure identifies a top trading cycle. The procedure
is illustrated in the following diagram, in which an arrow from i to j means that
j is the owner of i ’s favorite house, and then defined more formally.

i 1 → i 2 → . . . → i l → i l+1 → . . . → i k

Procedure 9.1: Procedure for generating a top trading cycle

For a market 〈N , H , (¼i )i∈N , e 〉, the following inductive procedure gener-
ates a top trading cycle.

Initialization
Choose an arbitrary individual i 1 ∈N , and define the sequence (i 1).
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Inductive step
Let (i 1, . . . , i k ) be the sequence of individuals in N that is obtained in
step k , so that e (i l+1) is i l ’s favorite house for l = 1, . . . , k −1.

• If the owner of i k ’s favorite house is a member of the sequence, say
i l , stop; the sequence (i l , . . . , i k ) is a top trading cycle.

• Otherwise, add the owner of i k ’s favorite house to the sequence as
i k+1, to generate the sequence (i 1, . . . , i k , i k+1), so that e (i l+1) is i l ’s
favorite house for l = 1, . . . , k , and continue.

Notice that the procedure is initialized with an arbitrary individual. The in-
dividual chosen may affect the top trading cycle that is generated. Consider, for
example, a market in which individual i initially owns her favorite house, individ-
ual j owns the favorite house of individual k , and individual k owns the favorite
house of individual j . Then the procedure generates the (degenerate) cycle (i ) if
we initially select individual i and the cycle (j , k ) if we initially select individual j .

We now specify an iterative procedure that generates an equilibrium of a mar-
ket. The procedure first finds a top trading cycle in the market, assigns the same
arbitrary price, say p1, to all the houses initially owned by individuals in the cycle,
and assigns to each individual in the cycle her favorite house (that is, the house
owned by the next individual in the cycle). It then removes all these individuals
(and the houses they initially own) from the market, and finds a top trading cycle
in the smaller market. It assigns an arbitrary price p2 with p2 < p1 to the houses
initially owned by the individuals in this cycle and assigns to each individual in
the cycle her favorite house among those available in the smaller market. It then
removes the individuals in the cycle from the smaller market, to produce an even
smaller market. The procedure continues in the same way until no individuals
remain.

Procedure 9.2: Top trading procedure

For a market 〈N , H , (¼i )i∈N , e 〉, the top trading procedure is defined as fol-
lows. First, for any set N ′ ⊆ N , define M (N ′) be the market in which the
set of individuals is N ′, the set H ′ consists of the houses owned initially by
members of N ′, the preference relation of each member of N ′ is her origi-
nal preference relation restricted to H ′, and the initial allocation assigns to
each member of N ′ the house she owns in the original market.

Initialization
Start with the set of individuals N1 =N , and any number p0 > 0.
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Inductive step
For a given set of individuals Ns ⊆ N , find a top trading cycle in the
market M (Ns ); denote by Is the set of individuals in the cycle.

Assign a price ps with 0< ps < ps−1 to all the houses initially owned by
the individuals in Is , and assign to each member of Is her favorite house
in M (Ns ) (the house initially owned by the individual who follows her
in the top trading cycle).

Let Ns+1 =Ns \ Is . If Ns+1 =∅, stop; otherwise continue with Ns+1.

This procedure generates a price system and an assignment.

As we mentioned previously, a market may contain more than one top trad-
ing cycle, so different operations of the procedure may lead to different out-
comes. We now show that every outcome of the procedure is an equilibrium
of the market.

Proposition 9.2: Existence of a market equilibrium

Every market has an equilibrium; any pair consisting of a price system and
an assignment generated by the top trading procedure is an equilibrium.

Proof

The assignment and price system generated by the top trading procedure
is an equilibrium because (1) every house is assigned only once, so that
the assignment is an allocation, and (2) every individual is assigned her fa-
vorite house among all houses that are not more expensive than the house
she owns initially.

Example 9.6

For the market in Example 9.1, the top trading procedure operates as fol-
lows. The only top trading cycle in the entire market is (1,2). We assign a
price p1 to the houses initially owned by individuals 1 and 2, A and B , allo-
cate to each of these individuals her favorite house (a (1) = B and a (2) = A),
and remove these individuals from the market.

The smaller market has two top trading cycles, (3) and (4). If we choose
(3), then we assign a price p2 < p1 to the house individual 3 initially owns,
C , allocate this house to her, and remove her from the market.
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Now only individual 4 remains, and in this market the only top trading
cycle is (4). So we assign a price p3 < p2 to the house individual 4 initially
owns, D , and assign this house to her.

Thus the pair consisting of the allocation (B , A,C , D) and price system
p with p (D)< p (C )< p (A) = p (B ) is an equilibrium of the market.

If, at the second stage, we select individual 4 instead of individual 3, we
generate the same allocation (B , A,C , D), but a price system p with p (C )<
p (D)< p (A) = p (B ), so such a pair is also an equilibrium of the market.

Example 9.7

For the market in Example 9.2, the top trading procedure operates as fol-
lows. The only top trading cycle of the market is (1,4,2). We assign some
price p1 to the houses initially owned by individuals 1, 2, and 4, allocate
to each of these individuals her favorite house (a (1) = D , a (2) = A, and
a (4) = B ), and remove the individuals from the market.

The only individual remaining in the market is 3, and thus the only top
trading cycle in the smaller market is (3). We assign a price p2 < p1 to the
house individual 3 initially owns, C , and assign this house to her.

Thus the pair consisting of the allocation (D, A, B ,C ) and price system
p with p (C ) < p (A) = p (B ) = p (D) is an equilibrium of the market, as we
saw in Example 9.2.

Proposition 9.2 does not assert that the equilibrium is unique, and indeed the
ranking of prices may differ between equilibria, as Example 9.6 shows. However,
in both examples the procedure finds only one equilibrium allocation, and this
property is general: every market has a unique equilibrium allocation. We defer
this result, Proposition 9.5, to a later section because its proof is somewhat more
complex than the other proofs in this chapter.

Say that i is richer than j if p (e (i )) > p (e (j )), so that i can afford any house
that j can afford and also at least one house that j cannot afford. What makes
an individual in a market richer than other individuals? One factor that seems
intuitively important in making i rich is the number of individuals whose favorite
house is the house initially owned by i . The more individuals who like i ’s house,
the more likely i is to be a member of a top trading cycle that appears early in the
procedure in the proof of Proposition 9.2, so that a high price is attached to her
house. But the ranking of an individual’s house by the other individuals is not
the only factor in determining her wealth. The house owned initially by i may be
the favorite house of many individuals, but those individuals may initially own
houses that no one likes. In this case, although many individuals desire i ’s house,
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i will not necessarily be relatively rich. Another contributor to a high market
price for i ’s house is the attractiveness of the houses owned by the individuals
who like i ’s house. Overall, it is the coordination of desires that makes a person
rich in this model. For example, if for two individuals i and j , i ’s favorite house is
the one initially owned by j , and vice versa, and these houses are at the bottom
of the rankings of all other individuals, the equilibrium price of the two houses
could be higher than the equilibrium price of any other house.

9.3 Equilibrium and Pareto stability

Proposition 8.4, in the previous chapter, shows the Pareto stability of any equilib-
rium of a jungle without externalities (in which each individual cares only about
the house she occupies and not about the house anyone else occupies). We now
show an analogous result for a market. That is, if each individual cares only about
the house she occupies, then for any equilibrium allocation in a market, no other
allocation is at least as good for every individual and preferred by at least one
individual.

Proposition 9.3: Pareto stability of equilibrium allocation

For any market, every equilibrium allocation is Pareto stable.

Proof

Let (p , a ) be an equilibrium of the market 〈N , H , (¼i )i∈N , e 〉. If a is not
Pareto stable then for some allocation b we have b (i ) ¼i a (i ) for every
i ∈ N and b (i ) �i a (i ) for some i ∈ N . For any i for which b (i ) �i a (i )
we have p (b (i )) > p (a (i )), since otherwise p (b (i )) ≤ p (a (i )) = p (e (i )) and
thus a (i ) is not optimal for i in the set {h ∈ H : p (h) ≤ p (e (i ))}. For any
other i , b (i ) = a (i ) (because each preference relation is strict) and thus
p (b (i )) = p (a (i )). Hence

∑
i∈N p (b (i )) >

∑
i∈N p (a (i )). But a and b are

both allocations, so each side of this inequality is equal to
∑

i∈N p (e (i )).
This contradiction implies that no such allocation b exists, and hence a is
Pareto stable.

The name conventionally given to this result and similar results for other
models of economies is the “first fundamental theorem of welfare economics”.
However, the result establishes only that an equilibrium is Pareto stable, a
concept unrelated to welfare. The concept of a market specifies only the individ-
uals’ ordinal preferences, not any measure of their welfare in the everyday sense
of the word. The result says that for any equilibrium allocation, no other alloca-
tion exists for which some individual is better off and no individual is worse off.
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But allocations may exist in which the vast majority of individuals, and even all
individuals but one, are better off. For these reasons, we refrain from using the
conventional label for the result.

An implication of Proposition 9.3 is that if the initial allocation is not Pareto
stable, every equilibrium involves trade: at least two individuals trade their
houses. We now show conversely that if the initial allocation is Pareto stable then
no trade occurs in equilibrium.

Proposition 9.4: No trade from a Pareto stable allocation

Let 〈N , H , (¼i )i∈N , e 〉 be a market. If e is Pareto stable then for every equi-
librium (p , a ) of the market we have a = e .

Proof

Let (p , a ) be an equilibrium of the market. Since e (i ) is in the budget set
of individual i given the price system p , a (i ) ¼i e (i ) for all i ∈ N . If a 6= e
then a (i ) �i e (i ) for some individual i , which means that e is not Pareto
stable.

A conclusion from Propositions 9.3 and 9.4 is that if a market starts operating
at date 1 and results in an equilibrium allocation, and then is opened again at
date 2 with initial endowments equal to the equilibrium allocation at the end of
date 1, then no trade occurs in the equilibrium of the market at date 2.

Proposition 9.4 has an interpretation parallel to the one we give to Proposi-
tion 8.5 for a jungle. We interpret that result to mean that an authority in the
society that controls the power relation and is aware of the individuals’ pref-
erences can obtain any Pareto stable allocation as an equilibrium by choosing
the power relation appropriately. Proposition 9.4 may be given a similar inter-
pretation. Suppose that an authority in the society can allocate initial property
rights but cannot prevent individuals from trading. If trade is conducted accord-
ing to the equilibrium concept we have defined, the authority can induce any
Pareto stable allocation by assigning the initial rights appropriately. In this way,
ownership in a market plays a role parallel to power in a jungle.

Proposition 9.4 is often called the “second fundamental theorem of welfare
economics”. We refrain from using this name because as for Proposition 9.3, we
regard the word “welfare” as inappropriate in the context of the result.

9.4 Uniqueness of market equilibrium

The uniqueness of equilibrium in an economic model is appealing because it
means that the model narrows down the outcome as much as possible. It also
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simplifies an analysis of the effect of a change in a parameter of the model.
The ranking of the prices in an equilibrium of a market is not necessarily

unique, as Example 9.6 shows. But we now show that every market has a unique
equilibrium allocation. This result depends on our assumption that no individ-
ual is indifferent between any two houses (see Problem 7).

Proposition 9.5: Uniqueness of equilibrium

Every market has a unique equilibrium allocation.

Proof

Assume, contrary to the claim, that the market 〈N , H , (¼i )i∈N , e 〉 has equi-
libria (p , a ) and (q ,b ) with a 6= b . Let i 1 be an individual whose initial
house e (i 1) has the highest price according to p . Let (i 1, i 2, . . . , i k ∗) be a
trading cycle in the trading partition that transforms e into a . By Proposi-
tion 9.1, p (e (i )) is the same for all i ∈ I = {i 1, i 2, . . . , i k ∗}, so that every house
is in the budget set of every i ∈ I , and hence a (i ) is i ’s favorite house in H
for every i ∈ I .

Now consider the equilibrium (q ,b ). Without loss of generality, e (i 1) is
the most expensive house according to q among the houses in {e (i ) : i ∈ I }.
That is, q (e (i 1)) ≥ q (e (i )) for all i ∈ I . Since e (i 2) = a (i 1) is i 1’s favorite
house in H , in the equilibrium (q ,b ) individual i 1 chooses e (i 2). That is,
b (i 1) = e (i 2). Therefore, by Proposition 9.1, q (e (i 2)) = q (e (i 1)), so that i 2

also owns a most expensive house according to q among the houses in
{e (i ) : i ∈ I }. Continue in this way to conclude that (i 1, i 2, . . . , i k ) is also a
trading cycle in the trading partition that transforms e to b .

Now delete from the set of individuals and the set of houses the mem-
bers of this trading cycle and their initial houses. We are left with a smaller
market and two equilibria of this market. The reason is that if, before
the deletion, every individual chose the best house that she could afford
given the equilibrium prices, the deletion of the houses that she did not
choose does not affect the optimality of her choice. Therefore we can con-
tinue with the restricted market and choose again a trading cycle with the
highest price according to p .

Continuing in this way, we conclude that the trading partition that
transforms e into a is the same as the one that transforms e into b , so
that a =b .

More formally, we can prove the result by induction on the number of
individuals. A market with one individual of course has a unique equilib-
rium allocation. If every market with not more than n − 1 individuals has
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a unique equilibrium allocation, then the argument we have made shows
that a market with n individuals also has a unique equilibrium allocation.

Problems

1. Trade for an allocation that is not Pareto stable. Show that if an allocation is
not Pareto stable then some (nonempty) group of individuals can exchange
the houses they own among themselves in such a way that all members of
the group are better off.

2. Examples of markets.

a. Consider a market in which some individual initially owns her favorite
house. Show that in any equilibrium this individual is allocated this
house.

b. What can you say about the equilibrium allocation in a market equilib-
rium in which every house has a different price?

c. Show that in an equilibrium of any market consistent with the following
table, individual 4 is allocated her favorite house.

Individual 1 2 3 4

Initial allocation D C B A

Favorite house A A D ?

3. Effect of removing an individual. Give an example of a market for which re-
moving one of the individuals, together with the house she initially owns,
makes one of the remaining individuals better off and another of the remain-
ing individuals worse off.

4. Effect of changes in one individual’s preferences.

a. Let M 1 be a market and let (p , a ) be an equilibrium of M 1. Assume that
M 2 differs from M 1 only in that a (1) moves up in individual 1’s prefer-
ences. What can you say about the equilibrium allocations in the two
markets?

b. (More difficult.) In the market M 1, individual 1 initially owns house A.
The market M 2 differs from M 1 only in that in M 2 the ranking of A in
individual 2’s preferences is higher than it is in M 1. Show that individual 1
is not worse off, and may be better off, in the equilibrium of M 2 than in
the equilibrium of M 1.
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5. Manipulation. Explain why no individual in a market is better off behaving
as if her preferences are different from her actual preferences. That is, if the
markets M and M ′ differ only in the preferences of individual i , then the
equilibrium allocation in M ′ is no better according to i ’s preferences in M
than the equilibrium allocation in M .

6. The core. Like Pareto stability, the core is a notion of stability. An allocation
a is in the core of a market if no set of individuals can leave the market with
their initial houses and reallocate them among themselves (in any way, not
necessarily consistent with equilibrium) so that all of them are better off than
in a . Show that the equilibrium of any market is in the core.

7. Market with indifferences. Some of the results in this chapter rely on the
assumption that the individuals’ preference relations do not have indiffer-
ences. Construct a market in which individuals have preferences with indif-
ferences, some equilibrium is not Pareto stable, and there is more than one
equilibrium allocation.

Notes

The model presented in this chapter is due to Shapley and Scarf (1974), who at-
tribute the proof for the existence of a market equilibrium to David Gale. The
presentation here draws upon Rubinstein (2012, Chapter 3).




