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Real
Democracy
Has Never
Been Tried



Top (Voting methods):
Ranked-choice voting is a system in
which voters express their
preferences by submitting complete
rankings of all candidates, and the
system aggregates them into a
ranked list or a single winner.
Different aggregation methods
(Borda count, instant-runoff voting
(IRV), plurality, Condorcet) can
produce distinct winners from
identical voter rankings,
demonstrating the inherent
ambiguity in collective
decision-making. The same
preference profile can yield
different outcomes depending on
which features of the rankings are
emphasised by the chosen method.
This indeterminacy means there is
no canonical way to translate
individual preferences into
collective choices.
Bottom (Arrow’s Theorem):
Arrow’s impossibility theorem
proves that no ranked-choice
voting method can satisfy all four
fairness criteria simultaneously
when there are at least three
alternatives and two voters. Every
democratic aggregation method
must compromise at least one
criterion, making trade-offs
unavoidable in social choice.
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Real Democracy Has Never Been
Tried

Arrow’s Impossibility Theorem shows that no voting rule
can convert individual rankings into a collective decision
without violating at least one basic principle of fairness. What
seems like a straightforward requirement for democracy turns
out to be mathematically impossible, leaving every voting
system to sacrifice some aspect of fairness.

Voting Systems ∘ Arrow’s Impossibility ∘ Preference
Rankings ∘ Condorcet Cycles ∘ Independence of

Irrelevant Alternatives ∘ Unanimity &
Non-Dictatorship ∘ Plurality vs Borda ∘ Instant
Runoff ∘ Unavoidable Trade-offs ∘ Social Choice

Theory ∘ Lonely Runner Conjecture

“Democracy is the worst form of government,
except for all those other forms that have been tried from time to time.”

— Winston Churchill, 1947

“People like Coldplay and voted for the Nazis.
You can’t trust people, Jeremy.”

— Super Hans, 2005
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Real Democracy Has Never Been Tried
In themid-twentiethcentury, formalmodelsof collectivedecision-makingbegantodraw

the attention of economists, political theorists, and mathematicians. Rather than treat-

ingvotingasaprocedural artefact, researchers sought tocharacterisewhat couldor could

not be achieved when individual preferences are aggregated into a group decision.

Kenneth Arrow’s work in 1951 became a cornerstone of this approach. During the fol-

lowing decades, related work by Allan Gibbard and Mark Satterthwaite (Gibbard, 1973;

Satterthwaite, 1975) showed that even the absence of strategic manipulation wasmath-

ematically incompatible with certain fairness assumptions. These findings anchored a

larger research programme that explored the logical trade-offs inherent in any decision

procedure.

By the 1980s, scholars such as Donald Saari and Michel Balinski introduced geomet-

ric and algebraic methods into the analysis of voting rules. These approaches revealed

thatmanywell-knownparadoxes arise not fromparticular cases, but from the geometry

of the space in which preference profiles reside. The field began to borrow tools from

topology, convex geometry, and representation theory, linking social-choice questions

to broader developments in pure mathematics.

A voting system takes as input a collection of individual preference rankings and produces
a single collective outcome. Each voter submits a total ordering of the available options,
specifying a sequence from most to least preferred, without ties. The voting rule processes
these inputs and returns either a single winner or a complete ranking of the options
according to the aggregated preferences.

These systems formalise the process of collective decision-making—their applications
extend beyond political elections and include committee procedures, academic appoint-
ments, boardroom voting, and algorithmic decision-making in multiagent systems and
recommendation engines.

The input to a voting system is called a profile: a multiset of total orders, with one such
order for each voter. Each total order ranks the finite set of alternatives such that every
candidate is assigned a unique position. This representation provides the basis on which
aggregation rules operate.

The number of possible total orderings grows rapidly with the number of options. For
three candidates, there are 3! = 6 distinct rankings; for five candidates, there are 5! = 120.
This factorial growth introduces combinatorial complexity, making it infeasible to analyse
all possible configurations exhaustively once the number of alternatives exceeds a small
threshold.

Certain properties are often desired of voting rules. Anonymity requires that the outcome
not depend on which voter submitted which ballot. Neutrality requires that all candidates
be treated symmetrically. These properties enforce symmetries on the rule and ensure that
it operates independently of irrelevant identifiers.

https://doi.org/10.11647/OBP.0526.09
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Additional desirable properties include monotonicity and consistency. A system is mono-
tonic if ranking a candidate higher on a ballot cannot reduce that candidate’s chances
of winning. It is consistent if identical outcomes from separate groups imply the same
outcome when those groups are merged. These properties aim to prevent procedural
anomalies that would violate intuitive fairness.

Several voting systems are widely implemented in practice. These include Plurality voting,
the Borda count, Condorcet methods, and instant-runoff voting. Each of these systems
interprets the profile differently and emphasises different aspects of the ranking data.

Plurality voting considers only the top-ranked candidate on each ballot. The candidate
receiving the most first-place votes is declared the winner. All lower-ranked information
is discarded, making the system computationally simple but sensitive to strategic voting
and vote splitting. Most U.S. House and state legislative races, and U.K. parliamentary
constituencies, use this ‘first-past-the-post’ system. U.S. presidential electors are chosen by
state-level plurality in most states.

The Borda count assigns a score (de Borda, 1781) to each candidate based on their rank
position on each ballot. For example, in a three-candidate election, a first-place vote may
yield two points, second place one point, and third place zero. These points are then
summed across all ballots, and the candidate with the highest total score wins. This method
incorporates more information from the ranking but can fail to elect a candidate who
would beat all others in head-to-head contests. Some academic societies and professional
organisations use Borda counting for internal elections.

Condorcet methods use pairwise majority comparisons (Condorcet, 1785) between candi-
dates. For each pair, the number of voters who prefer one candidate to the other is counted.
If a candidate defeats every other candidate in these head-to-head contests, that candidate
is called the Condorcet winner. Not all profiles contain such a candidate, and additional
rules are required when cycles occur. The Debian Project, a Linux distribution, uses a
Condorcet method to elect its project leader.

Instant-runoff voting proceeds through iterative elimination. In each round, the candidate
with the fewest first-place votes is eliminated, and those ballots are reassigned to the next
preferred remaining candidate. The process continues until a single candidate remains.
This system allows voters to express multiple preferences but can still produce paradoxical
reversals when a candidate gains additional support. Australia’s House of Representatives,
Ireland’s presidency, and several U.S. cities including San Francisco employ instant-runoff
voting.

Each of these methods can produce different results on the same input profile—the choice
of rule determines which features of the preferences are preserved and which are ignored.
No method fully captures all intuitively fair principles, and the differences between them
reflect the trade-offs inherent in social choice.

Cycles in group preferences arise even when individual preferences are fully ordered and
consistent. Each voter’s ballot may assign a strict ranking to all options, but the collective
result may still fail to satisfy transitivity. For example, candidate A may be preferred to B
by a majority, B preferred to C, and yet C preferred to A, forming a cycle. This outcome
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cannot be mapped to a total order and reveals a limitation that no voting rule can avoid in
all cases.

Any system that outputs a full group ranking must address such cycles. One approach
is to discard some pairwise comparisons and resolve the ranking using the remaining
ones. Another approach is to introduce external tie-breaking rules, which may depend on
arbitrary or external criteria. Both strategies impose coherence on an input that may not
support it.

Kenneth Arrow proposed a system to evaluate the reasonableness of complete voting
systems. He identified four conditions that any acceptable aggregation rule might aim
to satisfy: unanimity, non-dictatorship, independence of irrelevant alternatives, and
transitivity.

Unanimity requires that if all voters rank option 𝑋 above option 𝑌, then the group outcome
must reflect that same order. Non-dictatorship ensures that no single voter can always
determine the result regardless of the others’ preferences. These two conditions express
responsiveness and fairness.

The third condition, independence of irrelevant alternatives (IIA), states that the group
preference between any two options 𝑋 and 𝑌 should depend only on how voters rank
𝑋 relative to 𝑌. Preferences involving other options must not affect the outcome of this
pairwise comparison. This condition ensures that unrelated rankings cannot distort local
outcomes.

Transitivity requires consistency across comparisons: if the group prefers 𝑋 to 𝑌 and 𝑌
to 𝑍, it must also prefer 𝑋 to 𝑍. If transitivity fails, the output cannot be interpreted as a
ranking at all. It contains loops that prevent any ordering from being formed.

Arrow’s impossibility theorem proves that no method (Arrow, 1951) satisfies all four
conditions (unanimity, non-dictatorship, IIA, and transitivity) when there are at least three
options and at least two voters.

Trade-offs are unavoidable in voting systems—which does not imply that voting is invalid.
Some methods give up IIA to maintain collective agreement and equal treatment of voters.
Others allow intransitive outcomes in order to preserve independence or avoid concentrated
control. Every system must fail at least one of the criteria.

Mathematics Beyond Physics

I included this chapter to demonstrate that mathematical limitations, though typically

associated with physical systems, can apply to social processes as well.

As an undergraduate, I took courses in game theory given by Ron Holzman, who has

Erdős number 1 for a paper onmaximal triangle-free graphs (where any added edge

creates a triangle).

Ron also co-authored, in 2001 with Tom Bohman and Dan Kleitman, a proof of the

𝑛 = 6 case of the Lonely Runner Conjecture (Wills, 1967). This conjecture states

that for any 𝑛 runners moving at constant but distinct speeds around a circular track
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of unit length, there exists a time when each runner is at least 1/𝑛 of the track away

from every other runner. The problemmodels the moment when each one is ‘lonely,’

meaning far enough from all others to be considered isolated.

I loved this problem because the cases 𝑛 = 2 and 𝑛 = 3 are easy to visualise and

prove (albeit lengthy for 𝑛 = 3) using elementary arguments, yet the general case has

resisted a proof for over fifty years. It has been proven for 𝑛 ≤ 7, with recent preprints

claiming 𝑛 ≤ 10.

The conjecture has an elegant reformulation in terms of number theory and approxi-

mation on the unit circle. For a runner moving at integer speed 𝑣, define the Bohr set
𝐵(𝑣, 𝛿) = {𝑡 ∈ ℝ/ℤ ∶ ‖𝑣𝑡‖ ≤ 𝛿}, where ‖𝑥‖ denotes the distance from 𝑥 to the

nearest integer. This set consists of all times when the runner is within a distance 𝛿 of
their starting point.

This question, about runners on a track, can be rephrased in terms of fractional parts,

Bohr sets, and the geometry of coverings inℝ/ℤ, which illustrates how problems from

everyday intuition often touch the edge of what mathematics can currently answer.

WhenMatthieu Rosenfeld proved the 𝑛 = 8 case in 2025 using computer-assisted

backtracking over prime divisors, I thought I could help push the result further. His

verification reduces, for each prime 𝑝, to showing that no ‘bad’ covering exists—a

problem close to set cover, which is close to SAT. I reformulated his conditions as a

Boolean satisfiability instance and ran Kissat, a state-of-the-art SAT solver. The re-

sult was humbling: for 𝑘 = 5 and 𝑑 = 31, his ad-hoc backtracking finished in
0.02 seconds; Kissat took 59 seconds on the same instance. The SAT encoding, with

its monotone clauses and pseudorandom structure, fell outside the regime where

conflict-driven clause learning excels. Rosenfeld cited the attempt in his subsequent

𝑛 = 9 proof, which was generous given that I contributed a negative result. He then

proved 𝑛 = 9; Trakulthongchai independently proved 𝑛 = 9 and 𝑛 = 10 shortly after.
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Figure by author. The Lonely Runner Conjecture for 𝑛 = 2, 3, and 4. Each circle shows a time
when every runner is at least 1/𝑛 of the track away from all others. Arrows indicate the direction

of motion.



Radio Yerevan Jokes

Q: Radio Yerevan was asked: “Capitalism is the exploitation of man by
man. What about Socialism?”
A: Radio Yerevan answered: “Under Socialism it is exactly the other way around.”

Q: Is there freedom of speech in the Soviet Union the same as in the USA?
A: In principle, yes. In the USA, you can stand in front of the Washington
Monument and yell, “Down with Reagan!” and you will not be punished. In
the Soviet Union, you can stand in Red Square and yell, “Down with Reagan!” and
you will not be punished.

Q: What is chaos?
A: We do not comment on national economics.

Q: Is it true that half of the members of the Central Committee are fools?
A: What a crazy question. Half of the members of the Central Committee are not
fools!

Q: Is it true that Ivan Ivanovich Ivanov fromMoscowwon a car in a lottery?
A: In principle, yes. But: it wasn’t Ivan Ivanovich Ivanov but Aleksander
Aleksandrovich Aleksandrov; he is not from Moscow but from Odessa; it was
not a car but a bicycle; and he didn’t win it—it was stolen from him.

Q: Why is our government not in a hurry to land our men on the moon?
A: What if they refuse to return?

Q: We are told that communism is already visible on the horizon. What
then is a horizon?
A: An imaginary line that moves farther away each time you approach it.

Q: Is it true that conditions in our labour camps are excellent?
A: In principle, yes. Five years ago, one of our listeners was sceptical, so he was
sent to investigate. He must have liked it so much that he hasn’t returned yet.

Q: What is the most beautiful city in the Soviet Union?
A: Yerevan, obviously.
Q: How many nuclear bombs will it take to destroy Yerevan?
A: Baku is also a beautiful city.

Q: Is it true that the United States is on the edge of a precipice?
A: True, but we are a step farther than them.
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Topological Proof of Arrow's
Impossibility Theorem

Let Ω𝑚 be the set of all strict total orderings
over 𝑚 alternatives. Each ranking is a per-
mutation of the 𝑚 options, so Ω𝑚 has 𝑚! ele-
ments. For 𝑛 voters, a preference profile is a
point in the product space

𝒫 = Ω𝑛
𝑚,

which contains every possible combination of
rankings across the electorate. A social wel-
fare function (SWF) is a map

𝐹 ∶ 𝒫 → Ω𝑚,

assigning to each profile a collective ordering.

Arrow's theorem asserts that no such function
exists satisfying all of the following properties
(for 𝑚 ≥ 3, 𝑛 ≥ 2):

1. Unrestricted Domain: The SWF must
accept any logically possible profile
from 𝒫 = Ω𝑛

𝑚 as input—no restrictions
on which combinations of voter prefer-
ences are permitted.

2. Pareto Efficiency: If every voter ranks
𝑥 ≻ 𝑦, then 𝐹(P) must also rank
𝑥 ≻ 𝑦.

3. Independence of Irrelevant Alternatives
(IIA): The social ranking of 𝑥 and 𝑦 de-
pends only on how voters rank 𝑥 ver-
sus 𝑦, not on preferences over other
candidates.

4. Non-Dictatorship: No single voter's
preferences always determine the
group ranking.

5. Transitivity: The output 𝐹(P) ∈ Ω𝑚 is
inherently a strict total order, so transi-
tivity is guaranteed by construction—𝐹
must map into the space of transitive
orderings.

To describe the topological version, consider
𝒫 as a discrete high-dimensional complex.
Each profile is a vertex, and edges connect
profiles differing by a single adjacent trans-
position in one voter’s list. This adjacency
pattern turns 𝒫 into a combinatorial manifold
with rich connectivity, encoding the geometry
of preference space.

IIA implies that for each pair (𝑥, 𝑦), the collec-
tive ranking between 𝑥 and 𝑦 is determined
by the projection

𝜋𝑥𝑦 ∶ 𝒫 → {𝑥 ≻ 𝑦, 𝑦 ≻ 𝑥}𝑛,

where 𝜋𝑥𝑦(P) records, for each voter, whether
they prefer 𝑥 or 𝑦. Thus, the function 𝐹 fac-
tors through these binary-valued projections.
The total group ranking is assembled from
pairwise decisions, each constrained to de-
pend only on corresponding slices of the pro-
file space. This induces a factorization over a
lower-dimensional cube of binary comparison
data.

The fibres of these projection maps—the
preimages of fixed pairwise patterns—form
the basic objects on which 𝐹 must be consis-
tent. The Pareto condition fixes behaviour on
unanimous fibres, while non-dictatorship pre-
vents collapse to a single voter’s coordinate.
The key insight is that these fibres cannot be
globally stitched together without encounter-
ing a topological obstruction.

These obstructions cannot be resolved with-
out violating one of the assumptions. Cycles
force discontinuities, unanimity fails to propa-
gate, or dictatorship emerges. No aggregation
rule can navigate the profile space while sat-
isfying all four conditions.
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