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A Circle of
Time



Top (Twin Paradox Variants):
Variants of the twin paradox. The
first shows the standard scenario:
one twin remains on Earth while
the other travels to a distant star
and back at relativistic speed,
experiencing less proper time due
to time dilation and the non-inertial
turnaround. The second panel sets
the paradox in a compactified
spacetime, where space is wrapped
into a cylinder. Here, a twin can
traverse the compact dimension at
constant velocity—never
accelerating or changing
frames—yet still accumulate less
proper time than the twin who
remains stationary.
Bottom (Non-Orientable
Topology): Non-Orientable
topology and global spacetime
orientation. Depicted as a
Möbius-like strip, this represents a
spacetime where following a
continuous timelike path can bring
a traveller back to their starting
point with their internal orientation
flipped.

TIME
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A Circle of Time
In a cylindrical universe with compact spatial dimensions,

twins can separate and reunite without acceleration, with one
travelling around the circumference while the other remains
stationary. Despite neither experiencing acceleration, they
age differently upon reunion, creating a variant of the famous
special relativistic paradox. In non-orientable topologies such
as the Klein bottle universes, travellers can additionally experi-
ence reversal of chirality. Even a thoroughly non-dextrocardic
explorer might come back from a cosmic stroll with his heart
on the right side, no trauma needed.

Twin Paradox ∘ Special Relativity Postulates ∘ Proper
Time Paths ∘ Compact Space Topology ∘ Cylindrical
Universe ∘ Acceleration-Free Paradox ∘ Preferred

Frame Detection ∘ Klein Bottle Spacetime ∘ Chirality
Reversal ∘ CMB Topology Search ∘ Flatness

Constraint

“Time is an illusion. Lunchtime doubly so.”
— Douglas Adams, 1979

“I’m not a creative type like you
with your work sneakers and your left-handedness.”

— Jack Donaghy, 2008
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A Circle of Time
Albert Einstein’s 1905 introduction of special relativity redefined time and motion, em-

phasising the role of inertial frames and leading to the now-familiar notion of time dila-

tion. A few years later, Hermann Minkowski introduced a four-dimensional spacetime

geometry, allowing relativistic effects to be understood geometrically. The so-called

‘twin paradox’ became an iconic thought experiment illustrating the asymmetric ageing

of two travellers, one of whom undergoes acceleration.

Parallel to these developments,mathematicians in the late 19th and early 20th centuries,

including Eugenio Beltrami, August Möbius, and Felix Klein, investigated the implica-

tions of identifying the edges of geometric surfaces. These ideas laid the groundwork

for understanding non-orientable and compact spaces, such as the Möbius strip and

Klein bottle. Henri Poincaré introduced foundational concepts in topology that allowed

physicists to study global properties of space beyond Euclidean structure.

In 1949, Kurt Gödel proposed a rotating cosmological model that permitted closed time-

like curves, demonstrating that general relativity allowed for causal paths that returned

toearlierpoints in time. Laterworkby JohnWheeler, BryceDeWitt, andothersexamined

exotic topologies in general relativity, where spacetime could be globally identified in

non-intuitive ways, even if it remained locally flat.

The foundation of special relativity rests on two principles, known as the postulates of the
theory (Einstein, 1905). First, all inertial motion is equivalent: no experiment can detect
absolute rest. Second, light in a vacuum travels at a constant speed, 𝑐 = 299,792,458
metres per second, in every inertial frame, regardless of the motion of the source or the
observer.

The first postulate extends Galilean symmetry—physics does not change under uniform
motion, there is no preferred velocity, no absolute background. Any inertial observer,
whether drifting through space or sitting still on Earth, applies the same physical laws. The
second postulate introduces a fixed scale, the speed of light, that remains unchanged across
all inertial frames. It does not behave like other velocities. If you move toward a beam of
light at half its speed or away from it just as fast, you still measure its speed relative to
you as 𝑐. The constancy of 𝑐 holds in every experiment ever conducted. This fixed speed
breaks the logic of velocity addition in classical mechanics. Something must change—what
changes is time.

To see how, imagine a pulse of light emitted inside a moving train car. A mirror is mounted
on the ceiling, directly above the source. In the frame of the train, the light travels straight
upward, hits the mirror, and returns to the source. In the ground frame, the train is moving
horizontally during the pulse’s travel, so the light follows a diagonal path. Since both
observers agree that the speed of light is 𝑐, and the diagonal path is longer than the vertical
one, they must assign different durations to the same event.

This shows that simultaneity depends on the observer’s frame—two events judged to occur
at the same time in one frame may occur at different times in another. There is no universal
present; motion affects how clocks are synchronised across space.

https://doi.org/10.11647/OBP.0526.14
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From this follows a broader conclusion: elapsed time depends on trajectory. Two clocks
that start together, separate, and reunite may disagree. Even if both move inertially,
they accumulate different amounts of proper time. This difference reflects the geometry
of spacetime. Duration becomes a function of path. The twin paradox illustrates this
(Langevin, 1911): two siblings begin together, one remains on Earth while the other travels
outward at high speed, reverses direction, and returns. When they reunite, one has aged
10 years, the other only 1 over the entire round trip.

At first glance, the situation seems symmetric. Each twin sees the other in motion, and
motion implies time dilation, so why is there a preferred twin that stays younger? This is
because only the travelling twin changes inertial frame. The stay-at-home twin remains in
one throughout. The shift occurs at turnaround, when the traveller accelerates and transi-
tions to a new inertial frame. That transition comes with a new definition of simultaneity:
a new assignment of which distant events on Earth are happening ‘now.’ The shift occurs
abruptly in the traveller’s coordinate system, producing a discontinuous reassignment
of time to faraway clocks. In the new frame, the traveller’s slice of simultaneity jumps
forward, assigning later times to the Earth clock without any local observation.

The result is that the traveller accumulates less proper time between departure and return.
In flat spacetime, there are many possible inertial paths between the same events, and they
do not yield equal durations. The traveller’s path is shorter. If they move at 0.995𝑐 for
5 years outbound and 5 years return (as measured by the Earth clock), their own clock
measures only 1 year.

Classical relativity requires acceleration to break the symmetry between twins. But this
requirement disappears if space itself has boundaries that connect back to themselves.
Consider a universe where space wraps around in one direction, like the surface of a
cylinder. Travel far enough in the 𝑥-direction and you return to your starting point
from the opposite side. Mathematically, we say the points at positions 𝑥 and 𝑥 + 𝐿 are
identified—they represent the same physical location, where 𝐿 is the circumference of
the universe in that direction. This periodic boundary condition means that coordinates
differing by 𝐿 describe identical points in space. The resulting topology is cylindrical, but
the local geometry remains flat—similar to Earth, which locally feels flat but is spherical
globally.

Now consider two identical clocks: one remains at rest while the other moves uniformly
around the compact direction, maintaining constant speed and never accelerating. After
one complete loop, the moving clock returns to the stationary one. Both have followed
inertial trajectories; both consider themselves at rest. Yet when they compare clocks, they
disagree. With circumference 𝐿 = 1 light-year and the moving twin travelling at 𝑣 = 0.8𝑐,
the journey takes Δ𝑡 = 𝐿/𝑣 = 1.25 years as measured by the stationary twin. But the
moving twin’s clock shows only Δ𝑡√1 − 𝑣2/𝑐2 = 1.25 × 0.6 = 0.75 years. The moving
twin ages 0.5 years less, despite never accelerating.

This recreates the twin paradox without any frame changes. Each observer sees the other
as moving. Each expects the other’s clock to tick more slowly. In the classical case, the
paradox is resolved by noting that one twin undergoes a change of inertial frame. Here, no
such event occurs. The setup is symmetric in every local respect. Still, the clocks disagree.
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The resolution comes from recognizing that compactifying space breaks a global symmetry.
In ordinary Minkowski space, all inertial frames are equivalent. But once we impose
the identification 𝑥 ∼ 𝑥 + 𝐿, that equivalence no longer holds at the global level—there
is a distinguished frame: the one in which the identification is purely spatial, with no
accompanying time shift. In that frame, a light pulse sent around the loop in both directions
returns simultaneously. In any other inertial frame, the forward and backward travel times
differ.

The twins can detect this asymmetry directly. Let the moving twin send light signals in both
directions around the universe. If moving at velocity 𝑣 relative to the compact rest frame,
the light travelling forward takes time 𝐿/(𝑐−𝑣) to complete the loop, while light travelling
backward takes 𝐿/(𝑐 + 𝑣). The total round-trip time is 𝑡𝑡𝑜𝑡𝑎𝑙 = 𝐿/(𝑐 − 𝑣) + 𝐿/(𝑐 + 𝑣) =
2𝐿𝑐/(𝑐2 − 𝑣2). For the stationary twin in the compact rest frame, both directions take
exactly 𝐿/𝑐, giving a total of 2𝐿/𝑐. This Sagnac-like asymmetry reveals motion (Sagnac,
1913) relative to the universe’s topology.

The spatial loop introduces a global constraint: although each observer sees themselves as
stationary, only one is stationary relative to the universe itself. This asymmetry explains
the clock discrepancy—proper time depends not only on the local geometry of the path, but
on how that path winds through the global shape. The twin who moves around the loop
crosses more space within the same spacetime interval and accumulates less proper time.
Local measurement will not be sufficient to reveal the difference. The effect is detected only
when trajectories reconnect across the full topology. Locally, all observers still see standard
special relativity effects. If they didn’t, we could rule out compact spatial dimensions just
by testing special relativity (SR) in small laboratories here on Earth.

While such compact dimensions are not currently a theoretical frontier, some cosmological
models predict that space could be finite and wrap around on scales comparable to
the observable universe. The cosmic microwave background (CMB) radiation carries
information about the universe’s topology, and astronomers have developed methods to
search for these specific signatures.

The most direct approach looks for repeated patterns in the CMB. If space wraps around
with circumference 𝐿, light from the same physical region can reach us along multiple
paths. We would see the same temperature fluctuations repeated at different locations in
the sky, separated by the angle subtended by the compact dimension. Astronomers search
for these correlations using statistical tests, comparing temperature patterns at different sky
positions and looking for correlations stronger than expected by chance. The analysis must
account for instrumental noise, foreground contamination from our galaxy, and the natural
statistical variations in the CMB itself. Current data from the Planck satellite has ruled
out compact topologies with characteristic scales smaller than about half the observable
universe.

A second method examines the geometry directly. In a finite universe, the total solid angle
covered by the CMB would be less than 4𝜋 steradians. We would see the same physical
surface from multiple directions, creating a characteristic pattern of repeated circles on the
sky. Galaxy surveys provide another probe: if space is compact, we might observe the same
galaxy clusters at different redshifts and positions, their light having travelled different
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distances around the universe. The most distant visible galaxies would appear both in their
‘true’ location and as ‘ghost images’ from light that circled the universe multiple times.
These ghosts would show the same galaxy at different cosmic ages, creating a unique
observational signature.

The geometry of space adds another constraint. Cosmologists measure the density param-
eter Ω0, which determines the universe’s curvature. If Ω0 = 1, space is perfectly flat, like
an infinite sheet of paper. If Ω0 > 1, space curves back on itself like the surface of a sphere.
If Ω0 < 1, space curves outward like a saddle. Current observations from supernovae, the
CMB, and galaxy surveys all indicate Ω0 = 1.000 ± 0.002. The universe is flat to high
precision.

This flatness constrains but does not eliminate compact topologies. A flat universe can still
wrap around on itself, like a flat torus formed by connecting opposite edges of a square.
But if space were significantly curved (Ω0 ≠ 1), the curvature would create additional
observable signatures that could either help or hinder topology searches. In a closed
universe (Ω0 > 1), space naturally curves back on itself, making some compact topologies
easier to detect. In an open universe (Ω0 < 1), the negative curvature works against
compactification, making topology searches more difficult.

The observed flatness suggests that if the universe is compact, it must have a very specific
topology: one that preserves flatness while allowing space to close on itself. This narrows
the search to particular classes of compact manifolds, such as the three-torus or other flat
topologies, while ruling out many curved compact spaces. Current observations constrain
compact topologies to scales comparable to or larger than the observable universe, with
fundamental domain sizes at least on the order of tens of billions of light-years. Future
missions with better sensitivity and resolution may push these limits further, but detecting
cosmic topology remains one of the most challenging problems in observational cosmology
(See Chapter 43 for more.)

Compactifying a dimension, making space periodic, can lead to observable asymmetries
between otherwise equivalent observers. But topological modifications can go further.
Instead of just gluing the ends of space together, we can twist them before joining.

You may have seen the Möbius strip (Möbius, 1865): a flat band with a half-twist, joined
end to end. It has only one side and one edge. If you travel along it, you return to where
you started but flipped. What was left becomes right. The Möbius strip is an example of a
non-orientable space.

A space is orientable if it allows a consistent definition of left and right everywhere. On a
sheet of paper, or the surface of a sphere, you can carry a small arrow around any path and
it will always point the same way relative to the surface. But on a Möbius strip, that fails.
The arrow returns reversed. There is no global way to define direction that holds across
the entire space.

The Klein bottle extends this concept (Klein, 1882) to a closed surface without boundaries.
Like the Möbius strip, it reverses orientation, but it closes without edges. It cannot be
embedded in three-dimensional space without intersecting itself, but as a topological object
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it is well-defined. A path around the Klein bottle can return to its starting point mirrored
because of how space is connected, not through motion or twisting.

Now apply this idea to spacetime. Consider a spacetime with Klein bottle topology, where
the spatial identification becomes 𝑥 ∼ −𝑥 + 𝐿. Movement along this direction not only
loops back, but also inverts orientation. A clock moving uniformly along the compact
path returns to its original location but mirrored. Left becomes right. Clockwise becomes
counterclockwise.

This leads to direct physical consequences. Many systems have intrinsic handedness: chiral
molecules, spin-aligned particles, asymmetric anatomy. In a non-orientable universe, these
properties are not preserved globally. A round trip along the compact direction can convert
a left-handed structure into its right-handed counterpart. The change is undetectable
locally—the traveller feels nothing, no process unfolds. Yet on return, the configuration
has flipped.

There is an anatomical condition called situs inversus totalis, where all internal organs
are mirrored. In physiology, this is a congenital condition, present from birth. But in a
non-orientable spacetime, such a reversal could result from motion alone. A person could
leave on a journey through space, follow a smooth inertial path, and return anatomically
mirrored. The heart that began on the left would now be on the right. Every asymmetry,
from organ placement to molecular chirality, would be inverted. The twins would face a
peculiar situation upon reunion: the traveller would return with every internal anatomy
reversed, verifiable by examining molecular handedness or organ placement. Yet no force
acted on the traveller. No acceleration occurred. The inversion arose purely from the
topology of spacetime.

How to Reverse Your Heart at Home

This reversal can bemodelled physically at home. Begin with a strip of paper approx-

imately 30 cm long and 2 cmwide. Introduce a half twist and tape the ends together,

forming aMöbius strip. You now have a surface with only one side and one edge: an

example of a non-orientable space.

To visualise orientation reversal, draw a schematic figure: for example, a stick figure

facing right with a small arrowmarking its left hand. Make sure the figure is upright

and aligned with the edge of the strip, as though standing on it. If possible, use a trans-

parent sheet so you can track embedded orientation.

Now, slide the figure smoothly along the surface, keeping it flush against the paper

and preserving its local orientation. Do not rotate or detach it. Maintain contact with

the same ‘side’ of the strip (though, by construction, there is only one). After complet-

ing a full circuit, the figure returns to its original location, but with its left and right

reversed. The arrow now appears on the opposite side. No flipping occurred, yet the

orientation is inverted.
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The Twin Paradox and Chi-
rality

Compact Minkowski Geometry

Consider a (1+1)-dimensional Minkowski
spacetime with metric

𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝑑𝑥2,

under the identification 𝑥 ∼ 𝑥 + 𝐿, forming a
spatial circle of circumference 𝐿. A twin (A)
remains stationary at 𝑥 = 0. Twin B travels
at constant velocity 𝑣 > 0 along the compact
direction and returns after 𝑛 full loops, where
𝑛 ∈ ℤ+. The path is globally closed but lo-
cally inertial throughout.

Define 𝛽 ≡ 𝑣/𝑐. Let the coordinate reunion
time be Δ𝑡 = 𝑛𝐿

𝑣 . Twin A's proper time is

𝜏𝐴 = Δ𝑡 = 𝑛𝐿
𝑣

.

Twin B's proper time is reduced by the stan-
dard Lorentz factor:

𝜏𝐵 = Δ𝑡√1 − 𝛽2 = 𝑛𝐿
𝑣

√1 − 𝛽2.

The ratio 𝜏𝐵
𝜏𝐴

= √1 − 𝛽2

is strictly less than 1. The proper-time differ-
ence is nonzero, despite both worldlines being
geodesic.

Lorentz Symmetry and Preferred Frames

In infiniteMinkowski space, all inertial frames
are equivalent. Compactification breaks this
symmetry. The identification 𝑥 ∼ 𝑥 + 𝐿 se-
lects a preferred frame in which the identifica-
tion is purely spatial. In other frames boosted
along the 𝑥-axis, the identification becomes
mixed with time.

To detect this asymmetry, send light signals
in opposite directions around the loop. An
observer moving at velocity 𝑣 relative to the
compact frame measures asymmetric round-
trip times:

𝑡± = 𝐿
𝑐(1 ∓ 𝛽)

, Δ𝑡 = 𝑡++𝑡− = 2𝐿
𝑐(1 − 𝛽2)

.

This directional difference reveals the ob-
server's motion relative to the compact
topology. The spacetime remains locally
Minkowskian, but the global topology renders
the compact frame observationally distinct.

Non-Orientable Identification and Chiral-
ity Reversal

Now replace the identification with a non-
orientable one:

𝑥 ∼ −𝑥 + 𝐿,

which reverses orientation upon completing
a loop. This defines a compact, boundaryless,
non-orientable manifold—the spacetime ana-
logue of a Klein bottle.

Let a traveller carry an orthonormal frame
𝑒𝜇(𝑡) along a geodesic parameterized by
proper time 𝑡. After one full traversal, par-
allel transport yields:

𝑒𝜇(𝑡 + 𝑇 ) = 𝑅𝜇
𝜈𝑒𝜈(𝑡),

where 𝑅𝜇
𝜈 is a linear transformation with de-

terminant det𝑅 = −1. This inversion flips
handedness: the transported frame returns as
a mirror image of itself.

Fields that are sensitive to orientation—such
as spinors or chiral matter—cannot be globally
defined without modification. While scalar
fields remain unaffected, spinor bundles re-
quire consistent orientation to maintain chi-
rality. In this topology, left-handed and right-
handed states are exchanged after global prop-
agation, even in the absence of any local in-
teraction or curvature.

References:
Misner, C. W., Thorne, K. S., Wheeler, J. A. (1973).
Gravitation. Freeman.
Geroch, R. (1967). J. Math. Phys., 8.
Isham, C. J. (1989). Modern Differential Geometry
for Physicists. World Scientific.




