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It Is Just a
Phase



Top (Pixel-Level Edge Detection):
Each observer inspects a single
pixel and flags whether it looks like
part of an edge. This approach
produces isolated detections
without context—assembling a full
line requires comparing scattered
responses after the fact. It’s
data-rich but structure-poor: the
system sees points, not lines.
Middle (Line-Level Hough
Detection): Observers instead scan
the whole image through virtual
rulers at specific angles and offsets.
Each one votes if their ruler aligns
with edge evidence. The same
number of detectors now deliver
global outputs: lines directly. This
is the core idea behind the Hough
Transform—accumulating evidence
in a parameter space where lines
become peaks.

Bottom (Phase Space Riddle):
Two roads connect cities A and B
without crossing. A pair of cars,
tied by a rope of length < 2R, can
travel side by side on these roads
from A to B. Now consider two
circular wagons of radius R, each
centred on its own path—one going
A to B, the other B to A. Let (z, y)
track their positions along the two
roads, forming a trajectory in the
unit square
I={(z,y):0<ax,y<1}. The
cars’ path goes from (0, 0) to

(1, 1); the wagons’ from (1, 0) to
(0, 1). By topology, these curves
must intersect. At the intersection,
the wagons occupy the same
positions as the cars once did, yet
their centres are < 2R apart, and
each wagon has radius R, so a
collision is unavoidable. A fact that
is difficult to prove directly. (After
Konstantinov, in Arnold’s ODEs.)
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The Hough transform detects geometric shapes in images
by converting the problem from image space to parameter
space. Images undergo edge detection to identify significant
brightness transitions. Each edge pixel then ‘votes’ for all
possible geometric structures that could contain it. For line
detection, edge points generate constraints in parameter space
through the relation b = y, — mxz,. Points lying on the
same line create intersecting lines in parameter space, forming
accumulator peaks.

HouGH TRANSFORM o EDGE DETECTION o PARAMETER SPACE
VOTING o RHO-THETA PARAMETRISATION o ACCUMULATOR
ARRAYS o GLOBAL FEATURE DETECTION o LINE FINDING
ALGORITHM o GRADIENT OPERATORS o CIRCLE
DETECTION o COMPUTER VISION o DUALITY TRANSFORM

“With four parameters I can fit an elephant,
and with five I can make him wiggle his trunk.

— John von Neumann, circa 1953

A curve found in 2010 as shown above.

The curve can be fitted with four parameters.

A fifth point can be added to form the elephant’s eye
and allows the trunk to move.

— Jiirgen Mayer, Khaled Khairy, Jonathon Howard, 2010
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It Is Just a Phase

In 1959, Paul V. C. Hough filed a patent—issued in 1962 as U.S. Patent 3,069,654—for a
method of identifying complex patterns in visual data by mapping image features into
a parameter space. His technique framed detection as finding parameter settings sup-
ported by many edge points. The familiar sinusoidal loci in a polar-coordinate domain
arise with the normal parameterisation (p, #), which was formalised and popularised
subsequently.

Early implementations relied on analogue hardware and optical computing elements.
Limitations in memory and processing speed constrained accumulator resolution and
the range of detectable geometries. Despite these constraints, the method was adopted
in early automation systems for detecting weld lines, highway markings, and parts in
mechanical assemblies.

In 1972, Richard Duda and Peter Hart provided the first formal exposition of the method
in their landmark paper, reframing it as a discrete voting process over a bounded param-
eter space and introducing the normal parameterisation p = x cos 0+ y sin § that treats
all orientations uniformly. Their formulation gave the method the name ‘Hough trans-
form’ and connected it to broader principles in statistical decision theory. Subsequent
extensions by Ballard and others generalised the idea to arbitrary curves and spatial
templates, enabling detection of circles, ellipses, and parabolas.

By the 1980s and 1990s, with advances in digital signal processors and parallel com-
puting, the Hough transform became a foundational tool in industrial vision systems,
robotics, and medical image reconstruction. Its structure-preserving mapping from im-
age to parameter space allowed for robust detection even in the presence of occlusion,
fragmentation, and noise—a capacity that remains central to modern implementations

in lane detection, tomography, and motion analysis.

A digital image is a two-dimensional discrete function I(x,y) defined over a finite grid of
integer coordinates. Each ordered pair (x, y) refers to a spatial location in the image plane,
and the corresponding value I(z,y) denotes the intensity—or brightness—measured at
that position. In standard grayscale images, the intensity values range over a finite interval,
typically [0, 255], where 0 represents black and 255 represents white. Intermediate values
encode proportional levels of grey.

This allows images to be treated as matrices of numerical data. Each row corresponds to a
horizontal slice through the image, and each column to a vertical slice. The array format
aligns with standard data structures in numerical computing, enabling efficient storage,
manipulation, and analysis using linear algebraic tools. More relevantly, this view enables
the application of discrete transformations that operate directly on the pixel grid.

The array-based nature of digital images reflects their method of acquisition. Optical
sensors—such as charge-coupled devices (CCDs)—sample incoming light (Boyle & Smith,
1970) intensity across a regular lattice of photodetectors. Each photodetector integrates
the radiance over a small rectangular region and records the result as a scalar value. This
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process discretizes a continuous visual field, replacing smooth spatial variation with a
piecewise-constant approximation.

Despite this discretization, many natural images exhibit local continuity. In regions of
uniform texture or lighting, adjacent pixels tend to have similar intensity values. This
results in spatial smoothness—a statistical tendency that can be exploited by various image
processing algorithms. Conversely, abrupt changes in intensity may indicate the presence
of physical boundaries, surface discontinuities, or occlusion contours.

The goal of low-level image processing is to extract global geometric elements from the
raw intensity field—to identify where transitions occur, how they are oriented, and how
they combine to form recognisable configurations. The first step in this process is edge
detection: identifying where intensity values change significantly in space.

To extract localised transitions in brightness, digital image processing employs gradient-
based methods. These techniques compute spatial derivatives of the intensity function
I(x,y) using discrete convolution kernels. Common approximations include the Sobel,
Prewitt, or central (Sobel, 1970) difference operators, which estimate the partial derivatives

0I /Ox and 01 /0y by combining intensities in a small neighborhood.
The result of this process is a vector field G(z,y) = (I, (v, y), I,(z,y)), where I, and I,
denote the horizontal and vertical gradients respectively. The magnitude of this vector,

defined as

|G, )l = \/L(w,9)? + 1, (2. )2,

quantifies the rate of change in brightness at each pixel. The direction §(z,y) = arctan2(/,, I,.)
indicates the orientation of maximal contrast—that is, the direction perpendicular to the

local edge.

To reduce the resulting field to a usable form, a fixed threshold is applied to the gradient
magnitude. The binary edge map F(z,y) is defined by

E(o.y) — {1 it |G )l > 7,

0 otherwise,

where 7 is a positive scalar threshold. The outcome is a sparse array in which F(x,y) = 1
denotes an edge candidate and 0 otherwise. This thresholding step suppresses minor
fluctuations while preserving strong transitions, isolating regions of significant spatial
variation.

The resulting edge map retains only local information. Each nonzero pixel marks a point
of abrupt contrast but encodes no higher-order structure. It does not indicate whether a
given edge continues across neighbouring pixels, nor whether multiple edge points are
aligned.

In many visual tasks, the detection of straight lines is the second step after edge detection.
Lines may correspond to physical edges in man-made environments—such as walls, roads,
or tools—or to object boundaries under specific perspectives. In medical imaging, remote
sensing, and industrial inspection, linear features often identify critical diagnostic or
structural information.
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However, a straight line is not a local construct. Unlike a gradient, which depends only on
immediate neighbours, a line is a global configuration—a set of pixels that, despite spatial
separation, conform to a shared geometric constraint. In the discrete setting, this constraint
must be inferred from partial and often noisy evidence. The edge map contains a large
number of isolated pixels, many of which are spurious. Determining which subsets form
lines requires aggregating across potentially distant points.

One naive approach is to enumerate all pairs of edge pixels and test whether a third or
fourth point lies along the same line. Given n detected edge points, there are (‘) possible
pairs, and each pair defines a candidate line. For each such line, one must then check
whether additional points fall sufficiently close to it, accounting for quantization and
discretization artefacts. The combinatorial burden of this process grows quadratically in
the number of edge pixels and becomes intractable at practical image resolutions.

The challenge is further exacerbated by noise and occlusion. Genuine lines may be broken
into disconnected segments, and false positives may arise from texture or illumination
variations. Any method that seeks to identify lines must accommodate partial evidence and
operate under pixel-level uncertainty. The core problem is not to test a single hypothesis,
but to efficiently search a vast and noisy hypothesis space for a small number of consistent
patterns. To detect lines in a binary edge map, one may adopt a parametric formulation
of straight lines. In Cartesian coordinates, the general equation for a line is y = mz + b,
where m is the slope and b the vertical intercept. The goal is to identify parameter pairs
(m, b) that describe lines passing through multiple edge pixels.

Each edge pixel (z, y,) imposes a constraint on the set of valid (m, b) values. Specifically,
if a line passes through (z, y, ), then its parameters must satisfy

Yo = mxy+ b, orequivalently, b=y, —mx,.

This relation defines a one-dimensional locus in the (m, b) parameter space: the set of
all lines that intersect (z,y,). For fixed x, and y,, this is a straight line in parameter
space—each pixel generates such a line of possible (m, b) values.

To implement this idea computationally, the (m, b) space is discretized into a finite grid.
A two-dimensional accumulator array is initialised, with each cell corresponding to a
quantized pair of slope and intercept values. For each edge pixel, the algorithm evaluates
the above relation at discrete samples of m and computes the corresponding b values. Each

resulting (m,, b;) pair increments the count in its associated cell of the accumulator.

After processing all edge pixels, the accumulator stores the number of pixels consistent with
each candidate line. Peaks in this array—cells with significantly elevated counts—represent
line parameters that are supported by many pixels. These peaks are interpreted as strong
linear features in the original image.

While this method organises the problem effectively, it remains computationally intensive.
Each edge pixel must evaluate the constraint over all discretized slope values, resulting in
a cost proportional to the product of the number of edge pixels and the number of slope
samples. Moreover, the parameterization becomes unstable for nearly vertical lines, where
m diverges. These limitations motivate the adoption of alternative representations, but the
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core insight remains: transform each pixel into a family of candidate lines, and identify
agreement via intersection in parameter space.

The Hough transform discretizes the (m, b) space into a finite grid. For each edge pixel,
it iterates over a predefined set of slope values m; and computes b, = y — m,;z. A
two-dimensional accumulator array stores how many pixels vote for each parameter pair
(m;,b;). After all edge pixels have contributed, cells in the accumulator with high vote
counts correspond to lines that are strongly supported by the data.

This formulation avoids the combinatorial explosion of testing all pixel pairs. Each pixel
acts independently, voting for a family of possible lines. Lines with high support appear as
peaks in the accumulator, which can be located efficiently using standard search techniques.

In practice, this classical parameterization has limitations near vertical lines, where the slope
m becomes unbounded. A more robust formulation employs the normal parameterization
p = x cos @ + ysin @, which describes lines using distance and orientation. This variant
ensures uniform treatment of all orientations, but the essential idea remains: transform
alignment in image space into intersection in parameter space, and use voting to identify
consistent structures.

The strength of the Hough transform lies in its ability to transform the problem from image
space to parameter space. Once the core mechanism is established—each edge pixel voting
for the set of parameters consistent with its location—the method generalises seamlessly
to more complex shapes.

For example, consider the problem of detecting circles. A circle in the plane is defined
by the equation (z — a)? + (y — b)? = 2, where (a,b) denotes the centre and 7 the
radius. Each edge pixel (z), y,) must satisfy this relation for some triplet (a, b, r). If the
radius is fixed, then every such pixel defines a circular locus of possible centres—that is, it
contributes votes to all (a, b) such that (z, — a)? + (y, — b)? = r?. Allowing r to vary
introduces a third dimension: the accumulator now becomes a 3D volume over (a, b, 7).

This generalises further. Any shape that admits an algebraic parameterization can be
detected in the same way. For instance, ellipses require five parameters (centre coordinates,
major and minor axis lengths, and orientation), while parabolas can be parameterized by
vertex location and opening direction. Even arbitrary curves described by parametric
equations or algebraic forms can be handled, provided the number of parameters is finite
and reasonably small.

In each case, the edge pixel votes for a hypersurface in the corresponding parameter space.
The transform aggregates these votes, and high-density regions in the accumulator indicate
the presence of shapes that are strongly supported by the edge data.

The cost of generality is dimensional: for a shape defined by k parameters, the accumulator
array lives in R*¥. Memory and computation scale exponentially with &, limiting the
practical complexity of detectable shapes. Nevertheless, for many applications—especially
where the shape class is known and low-dimensional—the Hough transform remains a
tractable and robust detection mechanism.
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Visual Demonstration of Hough Transform
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Figure by author. The Hough transform converts lines in image space to points in parameter space
(angle, distance). Parallel lines (red) create peaks at the same angle. Lines from a common point
(green) create an arc pattern. Even with noise, a line (blue) creates a strong peak in Hough space.
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Radon, Hough, and the Ge-
ometry of Detection

Continuous vs Discrete Detection

Detecting a geometric structure in an image
means finding parameters p for which the
curve or surface C(z; p) = 0 is present in the
intensity field I(z). The Radon and Hough
transforms implement this same idea in two
complementary ways: one performs a con-
tinuous read-out along shapes, the other a
discrete write-in from feature points.

Transform Duality: Reading vs Writing

Let I(x) be a spatial image and p € P a pa-
rameter vector. The Radon transform is the
integral projection:

R@=/H@MM@M%
|R7L

Here each parameter p queries all z satisfying
C(z;p) = 0 and accumulates their intensity.
In contrast, the Hough transform iterates over
image locations: for each x, where I(z) # 0,
it computes all p with C(z,;p) = 0 and in-
crements H (p).

Let C, = {x € R" | C(x;p) = 0} denote the
locus of points on shape p, and M, = {p €
P | C(x;p) = 0} the set of shapes passing
through point x. Then:

R() = [ 1(e) du(a),
C

P

(Radon: continuous read-out)

Hp)= > 1, (p),

zesupp(])
(Hough: discrete write-in).

Radon computes an inner product between
I(z) and a template restricted to €, while
Hough builds up a histogram in parameter
space whose peaks indicate well-supported
shapes.

Unified Operator View

Both transforms can be expressed as linear
operators with a kernel C(p, z):

(500(17)2/ C(p,z) I(z)dx.

R™

Choosing C(p,x) = §(C(x;p)) recovers
Radon-type projections. Replacing the inte-
gral by a sum over discrete feature points and
incrementing an accumulator at each p with
C(z;p) = 0 yields Hough-type transforms.

If C(p,x) is shift-invariant, i.e., C(p,z) =
K(x — ¢(p)), the operator reduces to con-
volution with a shifted template. This links
Radon/Hough methods to classical matched
filtering and Fourier-analytic descriptors.

Intersections in Parameter Space

Every edge point x defines a manifold M ,, C
P. True structures correspond to parameters
p* where multiple such manifolds intersect,
producing sharp peaks in H (p). In this view,
detection is about the geometry of intersec-
tions: coherent data produce persistent inter-
sections that survive noise and discretization,
whereas random or spurious features yield
only weak or isolated crossings.
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