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Chaotic
Neutrality



Chaotic Parts, Predictable
Whole: Deterministic systems can
be chaotic—where tiny changes
snowball into wildly different
results. Each dot on this falling
object traces a unique, tangled
trajectory, sensitive to initial
conditions. Yet the object as a
whole falls smoothly. Dissipative
forces such as friction and internal
damping suppress chaos, causing
the centre of mass to follow a clean,
Newtonian arc.




Chaotic Neutrality

Deterministic systems can exhibit chaotic behaviour, where
minuscule differences in initial conditions lead to drastically dif-
ferent outcomes. The double pendulum and three-body gravita-
tional problem exemplify this despite having few components
and simple equations. Counterintuitively, far more complex
systems such as falling objects often behave predictably because
dissipative effects continuously suppress perturbations.

THREE-BoODY PROBLEM o POINCARE’s CHAOS
Di1SCOVERY o DETERMINISTIC UNPREDICTABILITY © SENSITIVE
INITIAL CONDITIONS © DOUBLE PENDULUM o BUTTERFLY
EFFECcT o COMPLEX SYSTEM STABILITY o DISSIPATION VS
AMPLIFICATION o FALLING APPLE PARADOX o PREDICTION
HorizoNs o CHAOs THEORY

« Pourquoi les chutes de pluie, les tempétes elles-mémes nous semblent-elles
arriver au hasard, de sorte que bien des gens trouvent tout naturel de prier
pour avoir la pluie ou le beau temps, alors qu’ils jugeraient ridicules
de demander une éclipse par une priére? »

(“Why is it that showers and storms seem to come by chance, so that many
think it natural to pray for rain, though they would consider it ridiculous to
ask for an eclipse by prayer?”)

— Henri Poincaré, 1908

“Let the Lord of Chaos rule”
— Semirhage, 1000 NE
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Chaotic Neutrality

The recognition that deterministic systems can exhibit unpredictable behaviour marked
a change in scientific thought. Before the twentieth century, classical mechanics—em-
bodied by Newton’s laws—was largely viewed as a complete and exact framework: given
initial conditions, future behaviour was presumed computable in principle.

This view was first challenged by Henri Poincaré’s entry to King Oscar II’s prize com-
petition in 1888. Poincaré submitted a memoir claiming to prove stability of certain
three-body configurations. The work was accepted and the prize awarded. But before
publication, his colleague Lars Edvard Phragmén found an error in a key argument. The
correction reversed the conclusion: the orbits Poincaré had declared stable were in fact
wildly unstable. He paid for the recall and reprinting of the original memoir—the cost
exceeded the prize money—and the corrected version (1890) became the founding doc-
ument of what would later be called chaos theory. The very calculation meant to demon-
strate cosmic predictability had instead uncovered its impossibility.

In the decades that followed, these ideas lay mostly dormant until the rise of computers
in the mid-twentieth century allowed for detailed numerical explorations of nonlinear
systems. In 1963, Edward Lorenz demonstrated that a set of three differential equations
meant to model atmospheric convection could yield drastically different outcomes from
imperceptibly different starting points when he re-ran a simulation with rounded initial
conditions. This sensitivity, later termed the ‘butterfly effect,” became the signature of
what we now call chaos.

Rather than disorder or randomness, chaos refers to the intrinsic unpredictability found
in certain deterministic systems. It highlighted the limitations of prediction when ge-
ometry of the solution space allows tiny differences to grow exponentially, defying long-
term computation even in conceptually simple scenarios.

In 1885, King Oscar II of Sweden sponsored a prize competition for solving the gravitational
three-body problem—determining the motion of three masses under mutual gravitational
attraction. Henri Poincaré ultimately won the prize not by finding a closed-form gen-
eral solution, but by demonstrating deep instability and nonintegrability in the problem
(Poincaré, 1890). Three gravitating bodies follow Newton’s laws precisely, yet their
long-term behaviour defies prediction. Exact periodic solutions do exist—Euler found
collinear configurations in 1767, Lagrange found equilateral triangle orbits in 1772, and
Chenciner and Montgomery (2000) proved the existence of a figure-eight orbit in which
three equal masses chase each other along a single closed curve—but these are measure-zero
islands in a chaotic sea, unstable to perturbation and never observed in nature.

The three-body problem exemplifies a deeper conundrum. Newton’s equations are de-
terministic—they specify exactly how a system evolves from any given starting point.
No randomness enters the calculations. Yet for three or more gravitating bodies, these
deterministic equations generate behaviour so sensitive to initial conditions that a difference
of one part in a trillion in starting positions leads to entirely different orbital configurations
after sufficient time. The future is determined but not determinable.
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This sensitivity is intrinsic to the equations, not a numerical artefact. No measurement
apparatus can specify initial conditions with infinite accuracy, and no simulation can
represent real numbers exactly. The discovery overturned Laplace’s vision of a sufficiently
powerful intellect (Laplace, 1814) that, knowing the precise positions and velocities of all
particles in the universe, could calculate the entire future and past. In a chaotic system,
trajectories that begin infinitesimally close diverge exponentially—not because the rules
are imprecise, but because the phase space amplifies initial discrepancies rather than
suppressing them. Small uncertainties, inevitable in any real situation, are magnified until
they dominate behaviour at later times.

Phase space provides the geometric arena where dynamics unfold. For a system with N
degrees of freedom, phase space has dimension 2N, each point specifying all positions and
velocities. A trajectory through phase space encodes the system’s evolution. Determinism
means that through each point passes exactly one trajectory.

Chaos quantifies through the Lyapunov exponent (Lyapunov, 1892) A, which measures
how rapidly nearby trajectories separate. Consider two initial states separated by distance
8o. After time ¢, the separation grows to §(t) ~ §,e*, where ) is the Lyapunov exponent.
Positive A signals chaos: trajectories diverge exponentially. Negative A indicates stability:
trajectories converge. The magnitude of \ sets the timescale for prediction. If A = 0.5 per
day, an initial uncertainty of one part in a billion grows to one part in a million after 14
days, then one part in a thousand after 28 days.

For the double pendulum, typical Lyapunov exponents are on the order of the inverse
oscillation period. For Earth’s orbit around the Sun, the Lyapunov exponent is approxi-
mately (5 x 10° years)~?, limiting detailed predictability to a few million years despite the
apparent regularity observed over human timescales. Weather systems have Lyapunov
exponents near (2 days) !, establishing the practical limit on forecast accuracy.

Chaotic systems often possess strange attractors: sets in phase space toward which trajec-
tories converge but on which they wander chaotically. The Lorenz attractor, discovered
in weather modelling (Lorenz, 1963), resembles a butterfly with two lobes. Trajectories
circle one lobe unpredictably many times before switching to the other, never settling
into periodic motion. These attractors have fractal dimension—they occupy more space
than a curve but less than a surface. A three-dimensional system might have an attractor
with dimension 2.06, indicating that trajectories explore more than a surface but do not
fill the full space. To specify a point on the attractor to within € requires roughly ¢
distinguishable cells, where D is the fractal dimension.

The boundary between regular and chaotic motion can be razor-thin. Consider the restricted
three-body problem, where a small mass moves in the gravitational field of two large masses
orbiting their common centre. For certain initial conditions, the small mass traces out
stable, repeating orbits; for example, motion near the equilateral Lagrange points L4/L5
can be stable for favourable mass ratios, whereas halo and Lissajous orbits near L1/L2
used by spacecraft require active stationkeeping because those equilibria are unstable.
But tiny perturbations can push the system across an invisible boundary into chaos. The
same equations that produce clockwork regularity in one region of phase space generate
unpredictability in adjacent regions.
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The Kolmogorov-Arnold-Moser theorem formalises this coexistence (Kolmogorov, 1954).
For nearly-integrable Hamiltonian systems, most trajectories remain confined to invari-
ant tori: surfaces in phase space on which motion is quasi-periodic and stable. Small
perturbations deform but do not destroy these tori. However, gaps exist where the tori
break apart, creating a fractal web of chaotic trajectories intertwined with islands of
stability. As perturbations increase, more tori disintegrate, expanding the chaotic sea. The
Solar System exists in this mixed regime: most planetary orbits lie on stable tori and will
persist for billions of years, but resonances create chaotic regions where asteroids wander
unpredictably before ejection or collision. Mercury’s orbit is the most chaotic of the planets,
with a Lyapunov time of roughly 5 million years. Numerical integrations by Laskar (1989)
show a probability of approximately 1% that Mercury will collide with Venus or be ejected
from the Solar System within the next 5 billion years.

Weather systems exemplify chaos on a planetary scale. Lorenz’s 1961 discovery began
with a rounding error: re-entering a state variable as 0.506 instead of 0.506127 caused his
simulated weather to diverge completely after a few days of model time. The atmosphere
obeys fluid dynamics equations deterministically, but the nonlinear interactions between
pressure, temperature, and velocity fields amplify microscopic uncertainties into macro-
scopic unpredictability. This ‘butterfly effect’—the notion that a butterfly flapping its wings
in Brazil could trigger a tornado in Texas—illustrates chaotic amplification.

Chaotic behaviour can arise in both conservative and dissipative systems. In Hamiltonian
(conservative) dynamics, phase-space volume is preserved and small perturbations are
stretched and folded, producing exponential separation without energy loss. In dissipative
systems such as the Lorenz model, volume contracts and trajectories approach strange
attractors, yet sensitivity to initial conditions persists. What matters is the nonlinear dy-
namical architecture that determines whether small differences are amplified or suppressed,
not merely the presence or absence of damping,.

Dimensionality shapes the possibility of chaos. Autonomous Hamiltonian systems with one
degree of freedom cannot be chaotic: a trajectory in two-dimensional phase space cannot
cross itself and energy conservation confines motion to a one-dimensional curve. More gen-
erally, continuous-time flows in two dimensions cannot exhibit chaos (Poincaré—Bendixson
theorem), whereas discrete-time maps can be chaotic even in one dimension. With two
degrees of freedom, phase space has four dimensions, and energy conservation reduces
accessible phase space to three dimensions. Trajectories can now weave around one another
without crossing, creating the tangled topology necessary for chaos.

Yet higher dimensions need not amplify chaos. Poincaré recurrence guarantees that
conservative systems in bounded phase space eventually return arbitrarily close to their
initial state. The recurrence time, however, grows extremely rapidly with dimension (often
exponentially in simple models). A three-body system might recur after billions of years.
A gas of 10?2 molecules confined to a box would take a time vastly exceeding the age of
the universe to return even approximately to its initial microstate. High dimensionality
converts mathematical recurrence into physical irreversibility.

The contrast between simple chaotic systems and complex stable systems is sharp and
puzzling. A double pendulum exhibits unpredictable behaviour after a few oscillations.
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Yet a falling apple, composed of approximately 10%¢ atoms, moves through turbulent air
and an ever-changing environment with predictability. Internally, the apple undergoes
continuous atomic vibrations, thermal fluctuations, and structural deformations. Externally,
it interacts with a turbulent atmosphere, random gusts of wind, and small fluctuating forces
from air pressure and temperature gradients. Each interaction, taken in isolation, could
introduce deviations from an idealised path. Nevertheless, the macroscopic motion remains
stable and predictable, governed by simple equations of motion augmented by modest drag
corrections. How can a system with billions of internal degrees of freedom be stable, while
a system with two degrees of freedom is chaotic?

Complex systems contain dissipative and averaging effects. As a falling apple moves
through air, it experiences drag forces that steadily remove kinetic energy. Internally,
vibrations and deformations distribute energy among a vast number of microscopic degrees
of freedom. Dissipative processes suppress small perturbations introduced by turbulence
or internal noise rather than amplifying them. Energy lost to friction, drag, and internal vi-
bration prevents the growth of deviations that would otherwise destabilise the macroscopic
trajectory.

The motion of the apple’s centre of mass contributes to stability. Although individual
atoms exhibit random motion, their collective behaviour averages out. Fluctuations at
the microscopic level do not accumulate coherently to shift the overall path. They cancel
statistically, leaving the centre of mass to follow a trajectory governed by external forces
such as gravity and aerodynamic effects. The system’s vast internal complexity insulates
the macroscopic motion from microscopic uncertainty.

This statistical stability follows from the central limit theorem applied to phase space
dynamics. With N particles, each contributing a small random displacement to the
centre of mass, the net fluctuation scales as v/N rather than N. For an apple with 1026
atoms, the relative fluctuation in centre-of-mass position is suppressed by a factor of 1013,
Microscopic chaos becomes irrelevant to macroscopic motion because these fluctuations
average incoherently across vast numbers of degrees of freedom.

High-dimensional phase spaces partition into macrostates and microstates. A macrostate
specifies coarse-grained properties: the apple’s position, velocity, temperature. Each
macrostate corresponds to an enormous number of microstates: the precise positions and
velocities of all 102 atoms. Macroscopic observables depend only on bulk properties
averaged over microstates, washing out the chaotic sensitivity that would dominate if we
tracked individual atoms. The apple falls predictably not because its atomic dynamics
are simple, but because 10?° chaotic degrees of freedom conspire—through statistical
averaging—to produce stable collective motion.

The distinction is geometric. In chaotic systems such as the double pendulum, the equa-
tions preserve and amplify differences—small deviations feed forward unchecked through
conservative dynamics. In stable systems like the falling apple, dissipative processes damp
sensitivity, dispersing perturbations among many degrees of freedom or losing them to the
environment. Predictability depends not on the number of components but on whether
the governing equations allow deviations to grow or force them to dissipate.
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Beyond mechanics, chaos appears wherever nonlinear dynamics govern evolution: pop-
ulation dynamics, neural firing patterns, financial markets, traffic flow. In each domain,
deterministic rules produce behaviour that resists long-term prediction. A population
model with simple reproduction and competition terms can generate boom-bust cycles
as irregular as any stochastic process. Neural networks with fixed connection strengths
produce firing patterns indistinguishable from random noise.

Quantum mechanics introduces a different kind of unpredictability through fundamental
uncertainty relations and measurement collapse. But perfectly classical, perfectly deter-
ministic systems generate their own form of irreducible uncertainty through dynamical
amplification. The clockwork universe of Laplace fails not at the quantum scale but at the
macroscopic scale of planetary orbits and weather systems.

Weather prediction improves with better models and more powerful computers, but
fundamental limits remain. Doubling computational power might extend accurate forecasts
by a day or two, not by weeks. The chaotic amplification of uncertainties sets an absolute
horizon beyond which detailed prediction becomes meaningless. Climate models can hence
project average temperatures for decades because they focus on statistical properties rather
than specific weather patterns. Asking where a storm will strike three weeks from now
exceeds what any conceivable computation could achieve.

Engineering must account for chaos when designing control systems. A satellite’s trajectory
near a Lagrange point requires constant adjustment because the dynamics balance on
the edge between stability and chaos. Small thruster firings maintain the desired orbit
against exponential growth of deviations. The control system fights not randomness
but the deterministic instability built into the gravitational geometry of the three-body
configuration.

Chaos theory affects how we interpret apparent randomness in nature. Irregular heartbeats,
previously dismissed as noise, may reflect chaotic dynamics in the cardiac conduction
system. Ecosystems that fluctuate despite constant environmental conditions may exhibit
deterministic chaos rather than responding to hidden random influences, and the dripping
of a faucet transitions from periodic to chaotic as the flow rate increases.
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Perturbative Stability and
Exponential Sensitivity in
Deterministic Systems

Classical mechanics is deterministic: given
initial conditions and governing forces, the
trajectory of a system is uniquely determined.
However, predictability depends on the evo-
lution of perturbations. In chaotic systems,
infinitesimal deviations grow exponentially,
whereas in many complex but dissipative sys-
tems, fluctuations are suppressed or averaged
out, leading to reliable large-scale predictions.

1. Lyapunov Exponents and Sensitivity
The maximal Lyapunov exponent A quantifies
sensitivity to initial conditions. For trajecto-
ries separated by d,), the separation evolves as
§(t) ~ §ye . Formally:

A= lim lim fln@.
t—006,—0t

Positive \: exponential divergence (chaos).
Negative \: exponential convergence (dissi-
pation). Zero A: marginal stability with poly-
nomial growth.

2. Chaotic Dynamics in a Double Pendu-
lum

Let 6,(t) and 0,(t) denote the angular posi-
tions of a double pendulum with masses m,
msq and rod lengths [, l,. The Lagrangian
formulation yields the coupled equations of
motion:

(my + mg)ly 0 + myly0, cos(6, — 0,) =

—m2l203 sin(f; — 05) — (m; + my)gsinb,,

Molyby + moyly 0, cos(;, — 0,) =

mgl, 02 sin(0;, — 0,) — mogsin 6,

These are second-order nonlinear differential
equations with explicit coupling between the
degrees of freedom. For many energy regimes,
this system exhibits positive Lyapunov ex-
ponents: infinitesimally close initial condi-
tions produce trajectories that diverge expo-
nentially in time.

3. Stability in Dissipative Systems

Now consider a falling object subject to linear
drag. Assuming the drag force is proportional
to velocity, the centre-of-mass motion is gov-
erned by

pe_

where 7 is the damping coefficient. The veloc-
ity v(t) = dr/dt evolves as

V(1) = Voo + (Vg — Voo Je !
with v = ey
Y

The position follows: r(t) = r, + vt +
(m/7)(vy — v, )(1 — e /™). Perturbations
decay exponentially with time constant 7 =
m /7, suppressing initial differences.

4. Perturbation Scaling and Averaging
For a perturbed trajectory x () = x,(t) +
€0x(t), the perturbation behaviour distin-
guishes:

{||5X(t)| ~ et

lox(®)] < €

chaotic,

damped/bounded. '

For N microscopic degrees of freedom, macro-
scopic observables X(t) = N1 Zfil x;(t)
have variance Var(X) ~ N~ 1Var(x;) by the
central limit theorem. Thus:

X(t) ~ (x,(t)) + O(N~V/2).

Fluctuations scale as O(N~'/2), becoming
negligible for large N. Microscopic uncer-
tainty remains confined at the macroscopic
level.

References:

Poincaré, H. (1890). Sur le probléme des trois
corps et les équations de la dynamique. Acta Math-
ematica, 13, 1-270.

Lorenz, E. N. (1963). Deterministic nonperiodic
flow. Journal of the Atmospheric Sciences, 20(2),
130-141.

Feigenbaum, M. J. (1978). Quantitative universality
for a class of nonlinear transformations. journal of
Statistical Physics, 19, 25-52.







